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Fig. 2. Maximum possible amplification of 3D perturbations in linearized
Poiseuille flow as a function of Reynolds number R and z-z wave number
magnitude k = Va2 + 2. In the black region, with leftmost point R = 5772,
" unstable eigenmodes exist and unbounded amplification is possible. The
contours outside that region correspond to finite amplification factors of
103, 10% (dashed), and 1x10°,2x10%,...,1.3 X 10%. For example, ampli-
fication by a factor of 1000 is possible for all R > 549. In the laboratory,
transition to turbulence is observed at R~ 1000. The analogous picture

for Couette flow looks qualitatively similar except that there is no black
region.
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Optimization

Objectives
Boundary layer, in the black—box fashion, receives boundary con-
ditions and initial conditions as inputs: what is the most dange-
rous initial condition regarding transition (=which maximizes the
perturbation energy)? Optimal perturbation
For the most dangerous initial condition, what is the best suction
to be applied at the wall to minimize the perturbation energy?
Optimal control and robust control
What happens if the initial energy is gradually increased and the
nonlinear regime reached?

Methodology
Use of an optimization technique based on the solution of the
linear adjoint equations corresponding to the nonlinear direct
ones.

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.
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Problem Formulation

3D incompressible and stationary boundary layer equations in conservative form:

ug + vy +w, = 0

(uu)z + (uwv)y + (uw), —uyy —uz; = 0

(uwv)z + (vv)y + (vw) +py —vyy — v = O
(vw), + ('Uw)y + (ww), + pz — Wyy — Wy = O

u normalized with respect to U, v and w normalized with respect to Re 12U, (Re =
UOQL/V)

initial conditions boundary conditions
u=0 at y=0 u=1 for y— o0
v=9y at y=0 w=0 for y— o0

u(0,y,2) = 1
Z) = w=0 at y=0 p=0 for y— oo

v(0,y,

The flow field V = (u,v,w) is subdivided in two contributions Vg (independent of z)
and v (dependent on z)

V(.’B, Y, z) — Vo(ﬂ?, y) 5 ‘7(3}1 Y, z)

T'he kinetic energy of the contribution depending on 2 is taken as a measure of the
level of perturbation:

Z  poo
) = 1) e 1(|5)? + |w|? 2
E@ = [ [P+ Re (o + @)y

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 2



Choice of the objective function

Gain at the end (z = X)

Z o0
! f / [|@? + Re~ (o] + |@|2)]dydz]
s Eout - -ZJ0 =X

Ein B pee
[/ [[a]* + Re™*([5]? + |@]*)]dy dz}

ZJo

Gout

z=0

Gain of the mean energy (integral over whole the domain)

X Z Io'e) X
f E(z)dx / / / [|E|? + Re™*(|5]? + |@|?)]dx dy d=
_Emean - Y0 s -ZJ0 0

Gmean - -

Eln Ein Z o
[ / f (13 + Re-1(a? + |uv|2>]dydz]
=ZJ0 =0

Under the hypotheses Re — oo and i|,—o0 = O:

Z poo Z poo pX
/ / [1a|?]dy d= / f / [|1E)?)dx dy dz
Eout _ Re —zJo . _ Emean __ Re -zJo Jo

Gout =

Ein 3 s 1 mean — Ein = Z o
[ f f (151 + |@]*)dy dz] { / f [151° + |]?)dy dz]
-ZJ0 =0 -ZJ0 =0

Objective function:
J = aGout + /BGmean

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.
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Constrained Optimization

Constraints on the initial energy Ej, and control energy Ey

Z [o9) X
B = [ /] [|a|2+|@|21dydz] — By  By= [ / |vw|2dw] = Buo
-ZJ0 =0 Tin y=0

Lagrange multipliers technique. Functional L(u,v,w,p, Vo, vw;a,b,c,d, Ao, Aw):
Z o prX
b= J —I—/ / / aluz + vy + w.]dz dy dz
-ZJO 0
Z po pX
+f f / b[(uu): + (wv)y + (vw); — uyy — uz.ldx dy dz
_E Ooo OX
+ / / c[(uwv), + ('U'U)y + (vw). + Py — Vyy — vz.)de dy dz
- 0 0

oo prX
+ f f / d(uw)z + (vw)y + (w): + pe — twyy — waslde dy d
—-ZJ0 0

+Xo[Ein(v0) — Eo] + Aw[Ew(vw) — Ewo]

oL 6L 6L oL L oL oL oL 8L oL oL sL
L = —§ —4 —4 —0 —47 —4 —4 —éb+ — -— —0A —dAw =0
B G T B O St i SR B e i g et e
é_ﬁau — lim L(u + edu, v, w, p, Vo, Yw, @, b, ¢, d, Ao, Aw) — L{(u, v, w, p, Vo, Yw, @, b, ¢, d, Ao, Aw)
du o =0 €

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 4



Adjoint problem

From integration by parts (a* = a + 2bu):

ey+d. = 0
ay —2uzb+bv+bw+cv+dov+dow+by+b,, = Bu
a;—Qbuy— yt +Cz +2cpv +dyw +c;w+cyy +c.;. = 0O
with boundary conditions
6=4Q at y=0 ce=0 for y— o0
a*—2bu+4+c;, =0 at y=0 a*—ub+4+c, =0 for y— oo
d=0 at y=0 d=0 for y— o0
and “initial conditions” at z = X
¢ =10 at =X
d=0 at. =X
VA fe’s)
f f a*dydz+a5GOUt=O gt me=X
40 du

From the integration by parts also “coupling conditions” between the adjoint and direct
problem:

zZ 0 : X
/ / cdydz«l—)\o%:Operm:O; f cdw—Awéﬂ=Opery=O
0 0

(5‘1_) J’UW

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 5
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Iterative optimization procedure
r=20 O<xz< X r=X
*
J(l) 5G0ut( )
(1) (1) w1, (1) (1) (1) n
Va7 v ! Z 00
0 W — / / 2+ dydz = —a Goyt (1!
-zJo du
Y
oD
Z 00 5E {2)
/ / D dydz + A—= =0 P (f‘;(l)
-zJo iy 2@ 5D gD M =0
X SE (2) » 3 ’ d(l) —0
/ Vdg —A—= =0
0 Ovw
I
NAS)
(n) U( 1)
FVW s JWELA 2 ¢
U((JQ), U&?} u(z), U(Q), w(z),p(z) J - | P

no ves

l
repeat from * done

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.




Discretization and implementation

Fourier modes in z

N N N
w@,y2) = Y Un(@n)e™;  o(o,p,2)= Y Valm,n)e™;  wlzy2)= Y Walz,y)e™

n=-N n=-—N n=-N
Nonlinear terms like uu, uv,uw, ... introduce coupling coefficients CUVU, ¢UV, oUW .
N b N
; ; = —N, N
u(z,y, 2)v(z,y,2) = Z el [Z Uk(w,y)%_k(w,y)] = Z e elVigay: 5 = m?nﬁ(N,nf_'N_) )
n=-N k=a n=-N

(Un)z + (Va)y +infWn = 0

(CR )z + (CFV)y + inBCTW — (Un)yy +n?8%Un = 0

(CFV)e + (CFV)y +inBCYY — (Va)y +n?B2Va+ (Ba)y = O
(CIW), + (CYW)y + inBCYW — (W) yy + n282W,, +in8P, = 0

Fourier modes in z, finite differences in 2 and y (second order, non uniform).

Non linear discretized problem with all modes coupled with each other.
Possible approaches: 1. Newton—like linearization for the coupled and large system
2. Newton—like linearization and decoupling of the modes
in order to solve a small linear system for each mode

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 7



Discretization and implementation

“Initial condition” for the adjoint problem at z = X:

e e * 6G0Ut * *
a" dydz = —« 3 =  a"(y) = —Lu(y)u*(y)
-zJo U

Coupling conditions between the direct and adjoint problem

Z oo 6 Ein ! i t+1 1.4l
cdydz + Ao =0;, c+XLywv"=0 = vg = = — |=L; ¢
-ZJ0 ov Al
X S Ew 1 *
/ ewdr —A——=0; cw—AwLwvy =0 = vitl = =L,
0 (S‘UW /\’:
With relaxation (0 <k < 1)
- - Y
Initial condition: ot = wi(l—k)—k ELQ 1c3]
1 *
Boundary condition at the wall: 4™ = o{(1—k)+k FL;vlch]
Optimal perturbation Optimal control
mode n =20 moden=1 mode n=20
UO = I U1 == O U{] = 1
Wo = 0 Wi = WR(VP) Wo = 0

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.



Optimal perturbation
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0.0003 | | | | | |
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Bé
Gain Gmean = Emean/Eo for different values of the initial energy Ep
and different wavenumbers 36

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 9



Eu($)/E0

Optimal perturbation — 8§ = 0.45

Optimal perturbation for varying Eo and at 3§ fixed

0.0025 | r | . 0.08 , , ; , l I ]
. Linear
0.07 B [ i
0.002 By Hcovess
0.06 - /R 1 - |
% Ey = 200 —-~--
5 005 [/ Eo =500 -----
hooe I@” Ey = 1000
Z 0.04F [/ Eq = 2000 --- ---
= / LR Eg = 5000 ---- -
0.001 = . I
0.02 N i
0.0005 - N
0.01 | CUR S
0 0 | ] ] | I Pl ekl R TR o
0 1 2 3 4 5 6 7
v/
Energy behavior Ey(z)/Eo Initial perturbation |Vi|/v/Eo

= Saturation for high initial energy?

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 10
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Optimal perturbation — 56 = 0.45

Mean flow contribution (independent of z). Profiles at the final station z =1

1 | | _",.‘-:_‘.:--",T-':":. -'-'_: S 1 I T
08k T . 0.8 75 ) T
0.6 - / ,' Linear 0.6 . 4 Linear
g By=1 -~ Ey=1----
Eg=10----- 2 g Ey=10 -~
Ly Eo =100 0 Ey = 100
WA il Ey =200 -~ N it t Ey =200 ~—- ’
Ey =500 --~-- ¢ Fy =500 -----
Ey =1000 ---- -- Ey = 1000
021 By = 2000 ------ 7] 0.2 Eq = 2000 --- --- 9
Ey = 5000 ---- - Ey = 5000 ---- --
Blasius - Blasius °
0 | 1 1 1 0 1 1
2 4 6 8 10 4 8 10
y/o y/é
|Uo| with varying Ej |Vb| with varying Ej
= Mean flow distortion with respect to Blasius
Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 11



E.(z)/E,

Optimal perturbation — fixed Ej

Energy behavior E,(x)/Eq for varying 3§ at fixed Ey

0.0025 : . ] 0.0016 : : :
36 = 0.5484 e B = (i ASHY
----- 86 =0.3 0.0014 |-
0.002 |-
0.0012 |-
0.0015 o 0001
53]
S
= 0.0008
Lﬂ;ﬂ
0.001 0.0006
0.0004
0.0005
0.0002 |-
0 0
0
T
Fg=1 Eo = 1000

= Saturation or effect of high 5467

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 12



Vil/vVEs

Optimal perturbation — fixed Ej

0.14

0.12

0.1

0.08

0.06

0.04

0.02

Optimal perturbation |Vi|/+v/Eo for varying 86 at fixed Eg

| | 1
B6 = 0.5484 ——

[Vil/vEo

0.12

0.1

0.08

0.06

0.04

0.02

T 1 T T T T
— (36 = 0.4367
’ W s B3 =02
B e 36 =0.3 Fi
---------- 36 =0.4
VT T T Bd =0.45 J
B B6 =05
= Bd = 0.7
1 R AR
i ki
T . NN
i g A
L 1 I 1 I S
0 2 3 4 5 6 7 8
y/é
Eq = 1000

= Effect of the wavenumber 34§, weak dependence on Ej

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 13



Optimal perturbation — optimal 36

values of initial energy

Eu(i‘")/Eg

Comparisons at optimal 384 for different
0.0025 0.09 : , : j : .
Eo=1—
0.08 |- Ey =200 -—--- o
PR Eo =500 -----
0.002 o W 0
0.07 - ‘,f;,' o, AN Ey = 1000, - |
006F i ) ot e
0[}015 = ‘I'."_." }_,: '\_\ '.\‘\ g =29J
SUC] S S -
o i 7 T ‘\-“'-.‘I‘i\
= O004F g .
0.001 - i
0.03 | f/ ¢ 7
'.f ,r’ e \\\\\‘
0.0005 0.02 e :’:f = \\\\‘\ -
[ 5 t‘-\
0.01 b N 4y
0 0 | | | | | | |
0 1 2 3 4 5 6 7 8
T y/o
Energy behavior E,(z)/Eq Optimal perturbation |Vi|/v/Eo
= Much more regular behavior with varying Ep
14

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.



G mean

Optimal control

Gain Gmean = Emean/Eo With varying control energy Ew and wavenumber 34

0.0011 I T T T T I T T T 0.0008 T T T T | T | T T
0:001 0.0007 |
0.0009
0.0006
0.0008
0.0007 Q0008 [= 2
. g A 2T s
0.0006 £ 0.0004 |7 e Ey=0—=
O o By = 0.0001 -
0.0005 |- .- Ey = 0.0001 ------ 4 —— B, =0.01 ——-- I
£ Ey=0.01--- E, =01
0.0004 - .E‘q:Ol"""- E. =1
bt 0.0002 | ORI . i
0.0003 - Ey=1--- - T
0.0002 - ___,-—"'“”HI‘P"HO- """ SEEAS s 0.0001 . = =
0.0001 il I I ! I ] 1 ] ] 0 1 ] 1 I I | L I 1
03 035 04 045 0.5 055 0.6 065 0.7 0.75 0.8 0.2 025 03 035 04 045 0.5 0.55 06 065 0.7
86 Jit)
ED =l EQ = 1000

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime. 15



[Vol/vVEw

Optimal control — optimal 3§

Optimal control at the wall |Vb|/+/Ew for varying E,, at fixed 6

| I 1

I
— E, = 0.0001

I
— £, = 0.0001

Vol/VEw

16 I I | L

0.2 0.4 0.6 0.8 1 ' 0.2 0.4

0.6 0.8
%

Eo = 1 Eo = 1000

= Effect of the initial energy Eg on the regularity of the profile

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.
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Gmean

Robust control

Gain Gmean = Emean/Ep for varying Ey and 34

0.0011 1 I 1 I I I I I I 0.0008 I I I 1 I I 1 1

0.001 0.0007

0.0009
0.0006
0.0008

0.0005

0.0007

il g Tl g 5
D000 = P 0, sl ey U’g’ 0.0004 |-~
0.0005 .-~ E, = 0.0001 -----

il Ey =001 - 0.0003 - .-
0.0004 |- S Bt e e
00003 . =
0.0002 | .7 sl A i Breni 2 0.0001 k.- it
0.0001 : | | 1 | 1 | | | | 0 1 | 1 1 1 1 1 L

0.3 035 04 045 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.2 025 03 035 04 045 0.5 055 06 065 0.7
Bé 36
Eo =1 Eo = 1000

= Robust control curves are always above optimal control curves.

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.
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Robust control — optimal 36

=1
0.12 T T T T T T T
Uncontrolled ——
Ey = 0,0001 -----
“r B ] i=esi]
E, =01
0.08 |- e [ |
< K
Z 0.06F i =
= =
0.04 |- B
0.02 | S5 |
0 1 1
. 6 7 8
0.1 : ,
Uncontrolled ——
ot 5 E, =0.0001 ~---- a
0.08 |- By =001 -~~~ J
E,. =01
0.07 - By = 1 oo |
g 0.06 ] %
2 005} J <
& =
— 0 4 =
0.03 - J
0.02 \ N
0.01 |~ - i
0 1 L 1 | 1 1 1

Optimal perturbation, optimal and robust control of algebraic instability in the nonlinear regime.

26



